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Abstract 
One of the assumptions in PERT is the possibility to apply central limit theorem (CLT) to 

approximate path duration times with standard normal distribution. However, CLT presumes certain 
conditions in order to be correctly applied. This issue is often not adressed in related literature. The aim of 
this paper is to examine the conditions under which PERT can accordingly be applied. We consider the 
conditions and aspects of their practical application in order to verify the admissibility of CLT for given 
activity time distributions. Lindeberg-Feller condition turned out to be the simplest technique to verify 
that results of a PERT analysis are free from problematic CLT application. We also summarize other 
issues with current probabilistic project evaluation and propose a chance constraint optimization model 
for probabilistic project analysis. 
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Introduction 

Project Evaluation and Review Technique (PERT) is known by project managers and 
scholars. The principal idea is attractive: To produce a probabilistic analysis for the project 
completion time. However, there has been a lot of criticism of PERT mostly due to its model 
assumptions since the 1960s, e.g. (Charnes et al., 1964; Hartley and Wortham, 1966; 
MacCrimmon and Ryavec, 1964; Roy and Roy, 2013). Charnes et al. (Charnes et al., 1964) 
have already admitted erroneous usage of central limit theorem (CLT). Nevertheless, it is still 
taught at universities, explained in textbooks, implemented in software, and there is no other 
widely used and concise stochastic method today. Improvements that produce better bounds or 
approximate time distributions have either the same or similar assumptions as the original PERT 
or require large analytical or modelling efforts and therefore, are not easy to implement for 
approximate time estimation (Elmaghraby, 1989). 

There have been a lot of extensions of PERT proposed over the years. Although, there 
was enough work advancing several concepts, there is no finished alternative available. We 
would stress two main research directions: One tries to reduce the uncertainty of resulting time 
estimation, the other one aims at speeding up calculations for large stochastic networks. Both do 
not address the basic assumptions. Every theory or algorithm has its model. If the model does 
not reflect the observations of reality during empirical validation or the validity of the model 
cannot be explained theoretically, then the results should be explained somehow. Otherwise, the 
outcome is problematic. 

There is no obvious technique of uncertainty reduction given initial input estimations 
from expert estimation with potential bias, and some scholars assume mathematically nice but 
not empirically proven distribution types. As regards fast computations with long time horizons, 
computers have enough power today such that a user in practice would not probably notice the 
difference between tenth of a second or one second and maybe agree to wait for minutes in 
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return to a reliable estimation, given realistic network size assumptions. The main need is 
reliable reduction of uncertainty, and better and stable estimations. This bias grows with 
prediction time horizon and results thus become practically useless with long time horizon. This 
was shown already by Charnes et al. (Charnes et al., 1964). This is easy to see especially for 
distributions having infinite tails (e.g. exponential, normal) or large variance (e.g. uniform). 
Accuracy of the methods can only be verified at the end of each task and after the end of the 
project when time realizations will have become known. As we use mathematical models that 
reflect reality to certain extent, only empirical validation of the methods is possible and this is 
what scholars and practitioners usually do not do. 
Problematic assumptions of the original PERT (Malcolm et al., 1959) include: 

– Unimodal Beta distribution that allows for only three possible types and does not reflect 
diversity of decision maker’s (DM) preferences. Building of the distribution is a mathematical 
abstraction (Roy and Roy, 2013). Its choice for PERT was not supported with any evidence 
(Roy and Roy, 2013). 

– Use of expected time instead of probability distributions. After setup, PERT transforms 
the problem to a deterministic one. It was shown that the deterministic problem underestimates 
all values even in theory, e.g. with Jensen’s inequality (Benati, 2006; Elmaghraby, 1989; 
MacCrimmon and Ryavec, 1964). 

– Independent distribution functions of individual activities. This assumption simplifies 
the problem, but is not realistic: Tasks are at least dependent on their sequence. If earlier tasks 
finish late, subsequent tasks on critical path should be late as well and vice versa. There can be 
explicit dependencies between certain tasks. Once parallel threads collapse into one event node, 
the time distribution function (DF) of the next task becomes a conditional DF. In reality, the 
paths in stochastic networks (SN) are not independent because they share some activities. 
However, most research so far did not take into account the dependency between paths. Yao and 
Chu (Yao and Chu, 2007) showed that significant bias exists in the approximated DF of the 
project completion time when path dependency is ignored. 

– Large number of tasks in a path in order to approximate the sum of their time 
distributions with normal distribution applying CLT. This assumption is also wrong for projects 
with parallel activities. Obviously, almost all projects have parallel tasks. Leemis et al. (Leemis 
et al., 2006) and Elmaghraby (Elmaghraby, 1989) argue that in case of parallel networks with 
independent and identically distributed (iid.) stochastic activity durations, the resulting time 
distribution is skewed so therefore CLT is inappropriate. Another issue is possible dependence 
of tasks. In both cases, the DF becomes conditional DF and simple CLT is not valid. There 
exists multidimensional CLT, but its application was only considered for normally distributed 
times, e.g. by (Monhor, 2011). 

- CLT introduces ambiguity about initial time distributions of tasks (Roy and Roy, 2013), 
i.e. they had initially beta DF functions (DFs), but going back from the resulting normal 
distribution of the whole project, we can assume that they are marginally normal. In this way, 
there is little use of constructing initial beta distribution of tasks. 

As a result, PERT considers only one critical path and obtains only one of many possible 
lower bounds of total project’s time. There are many competing critical paths and possible 
lower bounds in stochastic project time network. 

There have been many attempts to use normally distributed times in PERT analysis, a 
review can be found in (Udoumoh and Ebong, 2017) Choice of a normal distribution was due to 
simplified modelling and calculations, especially for multivariate case. Assumptions of 
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independence of times, sequences, and paths usually accompany normality of activity time 
distributions. Unfortunately, the biased assumptions and lack of empirical evidence prevent us 
from accepting these models in practice. Computation time for a project network is not an issue 
today for realistic sizes of PERT networks. DF, cumulative distribution function (CDF) and 
inverse CDF functions were implemented in statistical tools and programming libraries. 
Aggregation of DFs can be done in a fraction of second today provided that DFs are known. On 
the other hand, the choice of normal distribution needs more explanations of its negative range 
of values and infinite tails. According to (Udoumoh and Ebong, 2017), some scholars use 
truncated normal distribution which is a solution to the problems with infinite tails. However, 
the result is not a normal distribution, and lacks the desired property of the normal family and 
the choice thus does not offer any advantages over any other distribution. Use of normal 
distribution was also found in (Monhor, 2011) and (Prékopa et al., 2004). Based on convenient 
qualities of multivariate normal distribution with correlations, a new approach to probabilistic 
critical path was presented. Although the papers provide an important step forward in 
identification of probabilistic critical path, because of the assumption of convergence of activity 
times on a path to normal distribution and model oversimplification, these models still do not 
seem fully practical. 

We consider that any method or algorithm should be applied only under the conditions 
that were defined for them. Without meeting these requirements, the results are problematic 
because the method was not designed for arbitrary conditions and can not be expected to return 
consistent and reasonable results. Therefore, how can we rely on a priori unproved result in 
management? One of the conditions for PERT is applicability of CLT for time distributions. We 
believe that in order to obtain consistent estimations we should at least determine that the 
underlying conditions are satisfied. 

Having described related problems with the PERT method, we formulate the research 
question: Can it be assured that PERT returns mathematically correct results through the use of 
CLT? 

We are going to consider ways of mathematical verification of initial random time 
estimations of tasks in order to determine applicability of CLT to the data and assure validity of 
PERT results. This analysis assumes continuous time DFs, but it generalizes to discrete case. 
This can at least remove the bias of inappropriate CLT application to the given data, and 
constitutes a contribution to current PERT analysis. 

We will also define an improved stochastic model for probabilistic project analysis 
including time, cost, quality, resources and other constraints. This new probabilistic PERT 
model aims at relying on more realistic assumptions and is based on chance constraint model. 
We believe that the term probabilistic PERT suits the new model better and we refer the usual 
PERT as original PERT. 

The paper contains the following parts. We will consider four main approaches for 
checking the applicability of CLT to given data. Next, examples for data verification for CLT 
applicability will be given. The new model for future PERT improvement is proposed after a 
short discussion of potential directions for methods used in project analysis. Summary and 
future work directions are presented in the concluding section. 
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Verification of conditions for CLT application 
According to original PERT, CLT is applied to approximate path duration times with standard 
normal distribution, independently of the DFs of individual activity times. There is an informal 
rule of thumb that there should be at least 30 activities on a path for proper CLT application and 
(Ludwig et al., 2001) claim that 10 activities on a path is enough for a good approximation. 
However, CLT presumes certain conditions in order to be safely applied and there exist several 
alternative conditions in theory. Unless we know a priori that distributions of the considered 
times satisfy them, we need to check these conditions. Violating CLT conditions can invalidate 
the project time estimation. 

Let time of k independent tasks be random variables, i.e. we have a random vector 

 that has the size k. According to the properties of independent random 
variables, we can obtain expected value and variance of aggregated time of tasks: 

 

 

The CLT theorem tells us that it should be applied only if summands meet certain 
conditions. Then, the sum of a large number of uncorrelated random variables can converge to 
approximately normal distribution and we can directly obtain any quantile of time distribution: 

 

There is no discussion in project management area on whether project time data a priori 
satisfy the requirements. If we do not have a-priori information, we need to check the 
conditions. We will show that CLT applicability check is not complex. However, violating CLT 
conditions means that convergence of the sum to normal distribution is not guaranteed and that 
thus PERT estimation could not be valid. 

There are a number of alternative criteria for CLT applicability for a sum of k 
independent random variables with finite expected values and variances. 

1. Lindeberg-Feller (L-F) condition (Spanos, 1999) checks that not a single variance is 
greatly larger than others. From Lindeberg’s condition 

 
 
 
 

Where  is the indicator function, follows Feller’s condition: 

 . 

The meaning of the conditions is that no single random variable dominates others in 

variance. Therefore, we can approximate:  and given constant . 
Parameter   is assumed to be small. 
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Parameter   regulates applicability of CLT regarding the quality of convergence. One 

may imagine it as a ratio of known values that is easy to maintain, e.g.  . Thus, the choice 
of  or comparable parameter for CLT is a measure of applicability of the method. If Lindeberg-
Feller condition does not hold, we can not use CLT. 

2. Another possible solution for CLT applicability is Lyapunov’s condition (Spanos, 
1999): 

 

 

Higher central moments or their absolute values are not given for the sum of random time 
variables (fourth order is an efficient substitution for the modulo), but we can derive the central 
moments from noncentral moments: 

 
 
 
 
Noncentral moments of the third or higher order can be computed as derivatives of the 

respective order of known characteristic function (CF) of each time distribution at point 0. And 
noncentral moments of the sum of time distributions are obtained as nonlinear combination of 
products of its marginal non-central moments, e.g.: 

 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
Powers of expected values of orders of random variables in the last formulae, i.e. 

 , etc., are easily calculated for independent random variables. Assuming X and Y 
are independent random variables with DF   (Spanos, 1999): 

 

 
 


